
Lecture II 
Ab initio Potential Energy Surfaces (and Dipole 

Moments) in High Dimensionality

•Direct dynamics” for QM?

•Fitting strategies

•Coordinates

•The curse of dimensionality

•Permutational invariance

•Direct fitting on n-mode grids



Abandon the PES?

Calculate V(Q) “on the fly”, aka “Ab initio Molecular
Dynamics”, aka “Direct Dynamics”

Molecular Dynamics Calculations 
 Solve the classical equations of motion for each atom !
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For example, for atom number 3 we have to solve!

! 

x1(t), y1(t),z1(t); x2 (t), y2 (t),z2 (t); x3(t), y3(t),z3(t); ...Classical Trajectory!

Need to run 103 - 104 trajectories for proper averaging over
 initial conditions !

  

! 

x
1
(t = 0), y

1
(0),z

1
(0);x

2
(0), y

2
(0),z

2
(0);x

3
(0),y

3
(0),z

3
(0);...

˙ x 
1
(t = 0), ˙ y 

1
(0), ˙ z 

1
(0); ˙ x 

2
(0), ˙ y 

2
(0), ˙ z 

2
(0); ˙ x 

3
(0), ˙ y 

3
(0), ˙ z 

3
(0);K





Ab initio Potential Energy Surfaces

Calculate sufficient number of  (accurate) ε(Q) and then
do an accurate fit of them.  Easy for a diatomic, 10 pts enough    

What about the generalization to 
polyatomics.  Start with a triatomic, 
three degrees of freedom, 103 pts 
enough? Maybe more like 5,000.

Very feasible and can be used with a 
direct-product 3D spline 

F. Lique, M. Jorfi, P. Honvault, P. Halvick, S. Y. Lin, H. Guo, D. Xie, J. Kłos, 
P. J. Dagdigian, and M. H. Alexander, J. Chem. Phys., 131, 221104 (2009), 
O + OH → O2 + H: A key reaction for interstellar and combustion chemistry. 
New theoretical results and comparison with experiment  (18K points)



Ab initio Potential Energy Surfaces
Scaling looks very bad if we need 10 points per degree of 
freedom, e.g., tetraatomics need 106 electronic energies;
10(3N-6) in general.

Models for PESs e.g., LEPS that contain a small number of 
parameters, generally non-linear, that were optimized 
either to experiment or to a small no. of ab initio data, e.g. 
barriers, etc. 

Recent: Use low-level “AIMD” with parameter optimization 
based on high-level input, e.g., barrier height, exoergicity, 
etc. Specific Reaction Parameter method

Shepard interpolation of many quartic force fields 
Interpolated moving least-squares 



A Primer About Fitting 

1d-spline 

Linear least squares 5th order poly in x
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Progress Using Permutational Invariance

As molecular systems get larger “atom 
degeneracy” increases, e.g., H+(H2O)2, H+CH4,CH5+. 

The PES should be invariant wrt to all permutations 
of like atoms so ideally the fit should be as well. 
Exploit this in the fitting basis.   

•Far fewer configurations than the 103N-6 are needed

•Data can be scattered (maybe from low-level AIMD) 

•Fits are more accurate (nature “knows” about symmetry)
•Fits accurately predict stationary points 



CH5
+ -  S5

H5O2
+ - S5 x S2

H3O2
- - S3 x S2

Require V to be invariant under all 
permutations of like atoms

Need a set of variables that is closed under permutations
All internuclear distances are such a set.

Collaboration with Bas Braams (applied mathematician) &
problem is “solved” but requires a symbolic algebra
code, e.g, Magma.  



Some simple examples: H2CO and C2H2
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H(1) H(2) C(3) O(4)
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Monomial Symmetrization C(1)C(2)H(3)H(4)

S is an operator that generates a sum of monomials that is
 invariant wrt to the 2!2! = 4 permutations



	  	  h#p://www.chemistry.emory.edu/faculty/bowman/msa/index.html

Permutationally invariant polynomial basis for molecular energy surface fitting via monomial 
symmetrization, Z. Xie and J. M. Bowman, J. Chem. Theory Comput. 6, 26-34 (2010). 

Monomial Symmetrization



FCH4 Twenty Four Permutations of 15 rij

Atom Labels  H(0) H(1) H(2) H(3) C(4) F(5)

Atom Labels  H(1) H(0) H(2) H(3) C(4) F(5)

etc.  A more elegant and efficient way to achieve this 
permutational invariance is from invariant polynomial theory in 
terms of (15) primary invariants (p) and secondary invariants q.  



Int. Rev. Phys. Chem. 28, 577–606 (2009).   





Details of Current Library 
•Bases	  for	  up	  to	  ten	  atoms	  (but	  not	  all	  
	  	  	  possible	  symmetric	  groups,	  esp	  for	  larger
	  	  	  molecules.)

•Bases	  also	  available	  for	  Dipole	  Moment	  
	  	  	  Surfaces

•Large	  library	  which	  unEl	  recently	  had	  to	  be	  	  
	  	  	  compiled	  in	  total	  for	  each	  PES.	  	  

•New	  python	  script	  wri#en	  by	  Yimin	  Wang	  to
	  	  	  extract	  relevant	  rouEnes	  for	  a	  given	  PES.



Some Practical Points
1.	  Generate	  data,	  often	  from	  AIMD	  
2.	  Add	  fragment	  channel	  data
3.	  Perform	  a	  :it
4.	  Locate	  stationary	  points

5.	  Add	  data	  around	  stationary	  points	  of	  interest
6.	  Run	  MD	  or	  DMC	  or	  ...	  to	  :ind	  problematic	  regions
7.	  Add	  data	  there
8.	  Re-‐:it	  

Replace	  low-‐level	  ab	  initio/DFT	  data	  with	  high
level	  ab	  initio	  energies	  (maybe	  gradients	  too)	  and
do	  :inal	  :it,	  analyze,	  etc.

No.	  of	  configura-ons	  ranges	  from	  ca	  10	  000	  to	  100	  000



[ 40 000 CCSD(T)/aug-cc-pVTZ energies]

Cs(SP)/cm-1  C2v(SP)/cm-1

  34*              286*

  29 (PES)        341

*

De

(12 dofs, 15 rij)



H5O2+	  (15	  dofs)

Huang, Braams, Bowman (2004) also DMS



H5O2+



PESs To Date

CH5+  
H5+ H7+

CHOCH2CHO (malonaldehyde) H-atom transfer.
C2H3 → H+C2H2 and isomerization
C3H5  → H+C3H4(isomers), CH3+C2H2 & vinylidene
CH2CH2OH → OH+CH2CH2, H2O+C2H3, etc.
CH5+ (+ Cs) → [CH5]* H2+CH3, H+CH4

H3O+  (+ Cs) → [H3O]* H2+OH, H2O+H
CH2O → H2+CO, H+HCO (Roaming)
CH3CHO → many products (Roaming)
CH2CH2OH →  products, C2H3 + H2O 
CH2OH/CH3O → H +CH2O
H5O2+ → H3O+ + H2O  
H2O(OH-)
H2CO S1/T1/S0  
(H2O)2 , (H2O)3  
Na+(H2O), Cl -(H2O), F-(H2O)
HCl(H2O)
CH3OH → CH3+OH

NO2 + OH → [HOONO, HONO2] → NO
+HO2

Roaming mediated isomerization
C+C2H2 → l-C3H, c-C3H + H, C3+H2

H2O+D2O → 2HDO
OH*+H2 → H2O +H, OH + H2

H+CD4 → HD + CD3

F+CHD3 → HF + CD3, DF + CHD2

Cl +CH4 → HCl +CH3

O(3P) +CH4 → HCl +CH3

O(3P)+C2H4 w/singlet → products
O+NO2 →[NO3] → O2+NO
OH+CO →[HOCO] → H+CO2

H+HCN →[H2CN/HCNH] → H2+CN

Unimolecular                             Bimolecular



HOCO Details





	  Many-‐Body	  Expansion	  for	  N	  Monomers

V (1,...,N ) = V (1)

i=1
! (ri )+ V (2)

i> j
! (ri ,rj )+ V (3)

i> j>k
! (ri ,rj ,rk )+!

V (1)(ri )! Electronic energy of monomer i
V (2)(ri ,rj )! Electronic energy of dimer i,j - [V

(1)(ri )+V
(1)(rj )]

V (3)(ri ,rj ,rk )! Electronic energy of trimer i,j,k - [V
(1)(ri )+V

(1)(rj )+V
(1)(rk )]

! [V (2)(i,j)+V (2)(i,k)+V (2)( j,k)]

A single monomer is sufficient to get V(1)(i)

A single dimer is sufficient to get V(2)(i,j)

A single trimer is sufficient to get V(3)(i,j,k)

No. of rijs :        3              15              36   
No. of terms :    N             N2              N3   



Earlier work by
Xantheas

rigid monomer



Flexible,	  ab	  initio	  potential	  and	  dipole	  moment	  surfaces	  for	  water.	  I.	  Tests	  and	  
applications	  for	  clusters	  up	  to	  the	  22-mer,	  J.	  Chem.	  Phys.	  	  Y.	  Wang	  et	  al.	  (2011).

V1-body(i) from Partridge-Schwenke
V2-body(i, j) from 30 000 CCSD(T)/avtz
V3-body(i, j, k) from 40 000 MP2/avtz

2	  and	  3-‐body	  6its	  use	  permutationally	  invariant	  bases

The Water Potential

Dipole Moment Surface

X denotes Cartesians of each atom
and dimer dipole = sum of 1-body 
plus intrinsic 2-body terms. 



Water Dimer

S2 X S4 = 48  Roughly 30 000 CCSD(T)/aug-cc-pVTZ energies 

De

ZPE



2-‐body	  Potentials



Water Dimer Stationary Points

12 vibrational dofs, 15 Morse variables



	  NN	  DFT*	  and	  PI	  CCSD(T)
water	  dimer	  stationary	  pts	  (cm-‐1	  )
NN DFT PI CCSD(T)
232
285
367
490
612
787
1306
747
1079

231
294
371
493
612
790
1311
741
1077

164
197
244
328
346
601
1186
589
897

163
197
246
328
346
601
1176
589
899

* DFT/PBE  



Theory and Experiment Agree on D0 for (H2O)2



3b from the Water Trimer

21 vibrational dofs, 36 Morse variables.  
5th and 6th order fits



3-‐body	  potential	  (36	  variables)



Fitting the dipole moment 

Consider H2O as an example 



Permute	  the	  two	  H	  atoms

a)	  and	  the	  charge	  on	  oxygen	  doesn’t	  change,	  so	  it	  is	  invariant	  just	  as	  the	  PES	  is	  to	  this	  
permutation.	  So	  q3	  must	  be	  invariant	  as	  illustrated	  by	  	  (A.6).	  	  
b)	  q1	  and	  q2	  must	  interchange	  ,	  so	  not	  invariant	  but	  co-‐variant.	  	  So	  representation	  is	  
“general”	  i.e.,	  but	  coef6icients	  are	  equal.	  	  This	  is	  seen	  in	  (A.4)	  and	  (A.5).	  	  Then	  6inally	  	  
the	  dipole	  is	  represented	  by	  A.7	  ready	  for	  6itting.



Dipole	  Moment	  Tests

1. TTM3-F uses a  standard polarization model for the induced dipole

2.  We are developing a variable point charge model that reproduces 

the above dipoles as well or better than TTM3-F

Comments



~50 cm-1 
“In-phase”, or “acoustic”

~300 cm-1 
“Out-of-phase”, or “optic”



Force	  Fields
C2H4  Martin and Lee VPT2

Looks like a Taylor series 
about the equilibrium.

Halonen and 
co-workers



n-‐mode	  grids

The potential on these grids can be obtained directly
by ab initio methods and this is done by a number of 
groups, even using different levels of ab initio theory.

Then various interpolations can be used in these “low” 
dimensional functions to get V at say quadrature points.
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