
The MULTIMODE Approach to 
Molecular (Ro)Vibrations

•Review of Vibration SCF Theory

•Some elementary examples

•Post VSCF theories emphasis on VSCF/VCI

•MULTIMODE and the n-mode representation

•of the potential  C2H4

•Torsional motion  HOCO

•Local monomer theory









This is analogous to MP2 PT theory of electronic

structure theory.  It is referred to as CC-VSCF

by Gerber and co-workers who developed and

apply it extensively 



Virtual State “CI” (VCI)
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The VSCF Hamiltonian, if diagonalized in a basis, as is

typical, generates not only the VSCF state of interest

but additional states called “virtual states”.  These form

a convenient orthonormal complete set is which to

expand the exact wavefunctions, i.e.,

In this expansion suppose n = 0 is the VSCF state



The Watson Hamiltonian - VSCF and VCI

Issues:  

          The size of the Hamiltonian matrix

         Potential matrix element - quadratures
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Potential matrix elements

Without some special form for the potential, e.g., a sum
of products, these matrix elements are very time 
computationally intensive.  (They are done by numerical
quadratures, which is an active area of research.)

The Hamiltonian matrix

Direct diagonalization is feasible for matrices of order
50 K or so.  Iterative diagonalization, e.g., block Davidson
can deal with full matrices of order 100 K or bigger.  
Sparse matrices of order 1000 K can also be treated.



Carter and Bowman J. Chem. Phys. (1998)





Advantages

•General for any “semi-rigid” molecule

•Straightforward for J > 0

Examples:  H2O, H2CO, CH4, (C2H4)

Disadvantages

•Cannot describe torsional motion

•Numerical quadrature limits applications 



Numerical Quadratures
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xi are quadrature points and 
wi are quadrature weights

and obvious generalization for 
higher dimensions
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Gaussian quadrature - exact for an integrand of known 
“polynomial order” - Gauss Hermite typically used for 
normal coordinate Hamiltonians.

Potential Optimized quadrature - specific to 1d cut 
potentials.



One	
  Example:	
  	
  C2H4
“Exact” calculations (12 modes) recently reporteda 10 days using 12 AMD 2.7GHz 
Shanghai processors. 4MR MULTIMODE calculations took 5.1 hrs single core  

aGustavo	
  Avila	
  and	
  
Tucker	
  Carrington,	
  Jr.	
  J.	
  
Chem.	
  Phys.	
  135,	
  
064101	
  (2011).	
  “Using	
  a	
  
pruned	
  basis,	
  a	
  non-­‐
product	
  quadrature	
  grid,	
  
and	
  the	
  exact	
  Watson	
  
normal-­‐coordinate	
  
kinetic	
  energy	
  operator	
  
to	
  solve	
  the	
  vibrational	
  
Schrödinger	
  equation	
  
for	
  C2H4”
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MULTIMODE APPROACH

n-mode representation of the potential

For an N-mode molecule there are 

MULTIMODE APPROACH
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, 4MR

potential grids



C2H4

J=0

Ref. 5

Exact





Torsional Motion
•MM-RP

•Polysherical, Jacobi, “valence” coords

These are more demanding calculations owing to the 
presence of one or more very large amplitude mode.
Here I discuss recent work on HOCO* as a relevant 
example.



MULTIMODE-”Reaction Path”

The reaction path Hamiltonian is quite complex
In vibrational work it is given in terms a torsional 
mode and rectilinear normal modes orthogonal to it

Then the n-mode representation of the PES is made



MULTIMODE-Reaction Path

Some examples

H5+ : Mid- and far-IR spectra of H5+ and D5+ compared to the predictions of 
anharmonic theory, T. C. Cheng, L. Jiang, K. R. Asmis, Y. Wang, J. M. Bowman, A. Ricks, 
and M. A. Duncan, J. Phys. Chem. Lett. 3, 3160 (2012).  

H2O2  Multimode calculations of rovibrational energies and dipole 
transition intensities for polyatomic molecules with torsional motion: 
Application to H2O2, S. Carter, A. R. Sharma, and J. M. Bowman, J. Chem. 
Phys. 135, 014308 (2011). DOI: 10.1063/1.3604935 

HOCO Variational Calculations of Vibrational Energies and IR Spectra 
of trans and cis-HOCO Using New ab initio Potential Energy and Dipole 
Moment Surfaces, Y. Wang, S. Carter, and J. M. Bowman, J. Phys. Chem. A.
dx.doi.org/10.1021/jp309911w









Truncation/recoupling Approach

Diagonalize  H4D (large coupled angular basis x R-basis
Diagonalize  H2D.  Then use reduced basis from each to
set up and diagonalize H6D.









The	
  Problem:	
  Exponential	
  scaling

{�(1)(1)}⇥ {�(2)(2)} · · ·⇥ {�(f)(f)}.

Given	
  an	
  f-­‐mode	
  Hamiltonian	
  H=T+V(1,2,...,f)
and	
  a	
  direct-­‐(Hartree)	
  product	
  form	
  for	
  the
wavefunction

The	
  resulting	
  “CI”	
  is	
  of	
  huge	
  dimension	
  and	
  excited
states	
  are	
  of	
  course	
  essential.	
  	
  V	
  is	
  high	
  
dimensional	
  and	
  so	
  if	
  we	
  use	
  a	
  DVR	
  a	
  direct	
  
product	
  grid	
  is	
  easily	
  of	
  the	
  order	
  10f.	
  	
  

A	
  spectral	
  approach	
  require	
  f-­‐dimensional	
  
quadratures.



Current	
  QM	
  Approaches	
  and	
  Limits

•	
  Watson	
  Hamiltonian/RPH	
  VSCF/VCI	
  n-­‐mode	
  representation
CH4,	
  H2O2,	
  OH-­‐(H2O),	
  CH3OH,	
  etc.

•MCTDH	
  -­‐	
  H5O2+,	
  Malonaldehyde,	
  ...	
  	
  also	
  n-­‐mode	
  rep

•Heroic	
  -­‐	
  Watson	
  Hamiltonian
	
  	
  	
  	
  CH5+,	
  C2H4

•VSCF/MP2	
  or	
  VPT2	
  -­‐	
  small	
  biomolecules,	
  water	
  complexes

Variational quantum approaches for computing vibrational energies of polyatomic 
molecules], J. M. Bowman, T. Carrington, and H.-D. Meyer, Mol. Phys. 106, 214 (2008). 



A	
  local	
  approach	
  for	
  large	
  molecules	
  and	
  
molecular	
  assemblies

Water and water clusters  specifically the quantum 
intramolecular OH-stretch and bend modes  

The	
  hexamer	
  has	
  42	
  vibrational	
  
degrees	
  of	
  freedom,	
  of	
  which	
  18	
  are	
  
intramolecular	
  ones.	
  The	
  20-­‐mer	
  has	
  
60	
  intramolecular	
  modes.	
  	
  



Six perturbed monomers.  Do
a normal mode analysis for 
each monomer with other monomers 
fixed.  Separate the 9-modes into 6 
hindered trans and rotation and 3 
intramolecular modes. 

Solve exact Sch. eq. in 3-modes 
for each monomer m using 
MULTIMODE.

Divide	
  and	
  Conquer	
  Local	
  Approach



Divide	
  and	
  Conquer	
  Local	
  Approach
Water dimer

Water trimer

Ab initio force fields and internal coordinate Hamiltonian 
for the monomers.



!

Intramolecular	
  Fundamentals	
  of	
  the	
  Water	
  Dimer

MODE “EXACT”a LOCAL

D-bend    1588b 1595

A-bend 1603 1602

D-OH1 3573 3550

D-OH2 3627 3637

A-OH1 3709 3701

A-OH2 3713 3724

a8-mode MM; cm-1



Tests for the Water Trimer
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!Monomer Normal Modes of the Hexamer



IR Spectra of Hexamer Isomers

Ring

Wang and Bowman, J.C.P. (2011)



IR	
  Spectra	
  Larger	
  Clusters
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