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Rovibrational quantum dynamical computations
for deuterated isotopologues of the
methane–water dimer†

János Sarka, ab Attila G. Császár ab and Edit Mátyus *a

Rovibrational states of four dimers formed by the light and the heavy isotopologues of the methane and

water molecules are computed using a potential energy surface taken from the literature. The general

rovibrational energy-level pattern characteristic to all systems studied is analyzed employing two models

of a dimer: the rigidly rotating complex and the coupled system of two rigidly rotating monomers. The

rigid-rotor model highlights the presence of rovibrational sequences corresponding to formally negative

rotational excitation energies, which is explained in terms of the coupled-rotors picture.

I. Introduction

Weak molecular interactions are important in many areas of
chemistry because they make it possible to break and form
molecular assemblies, including macromolecules like proteins,
and are involved in the self-organization of materials. Weakly
bound systems exhibit several interesting and unusual spectro-
scopic features. High-resolution spectroscopic measurements,
when compared with the results of quantum dynamical com-
putations, provide a stringent test of the quality of potentials
modeling the interactions of the monomers in the complexes.
For quantum dynamical computations, weakly bound complexes
are of further interest because they are usually floppy, highly
delocalized systems, which challenge our traditional tools and
concepts of molecular structure and dynamics.

The methane–water dimer is a floppy, weakly bound complex.
It was subjected to microwave1 and high-resolution far-infrared2

spectroscopic experiments some twenty years ago. The elucida-
tion of the observed far-infrared transitions by means of quan-
tum dynamical computations had to wait until last year.3

The experimentally measured2 and the computed rovibrational
transitions up to J = 2,3 using an accurate ab initio intermolecular
potential energy surface (PES),4 are in excellent agreement,
yielding deviations on the order of a few cm�1. The rovibrational
computations reproduce fine details of and provide an assign-
ment to many experimental features. Most interestingly,
the experimentally observed reversed rovibrational sequences

(whereby within the usual molecular picture one would assign a
‘‘negative’’ rotational energy to a vibrational state, a character-
istic feature of certain floppy molecular systems5–11) were also
obtained in the computations.

Ref. 3 left the explanation of these reversed sequences to
further work suggesting that perhaps they could be better
understood in terms of a coupled-rotor model rather than
using the traditional picture of a rotating–vibrating molecule.
The purpose of the present study is to work out this idea. In fact,
we propose and describe a general algorithm to compute the
similarity (overlap) of eigenstates of two coupled rotors with the
full intermolecular wave function. This coupled-rotor decompo-
sitions (CRD) scheme is generally applicable to any system that
can be partitioned into two subsystems. Through the application
of the CRD scheme to all four possible combinations of the light
and deuterated monomers, CH4�H2O, CH4�D2O, CD4�H2O, and
CD4�D2O, we gain a general overview of the dynamical properties
of the methane–water dimer.

II. Computational details

The quantum dynamical computations of the present study
were carried out using the GENIUSH12,13 code, which was
reviewed in ref. 14 highlighting quantum chemical algorithms
and computer codes of the fourth age of quantum chemistry.
In GENIUSH, the matrix representation of the Hamiltonian is
constructed in the discrete variable representation (DVR)15 and
the kinetic energy operator is evaluated numerically during the
course of the computation for the selected internal coordinates
and body-fixed frame. An iterative Lanczos algorithm16 is used
to compute the required eigenvalues and eigenvectors. In
the present work, our in-house Lanczos implementation was
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improved and optimized for the determination of a large number
of eigenstates. Over the years, a number of tools have been
developed supporting the analysis of the computed rovibrational
wave functions.6,17

Computations with the GENIUSH code feature a series of
floppy molecular systems.5,6,12,13,18–21 For example, molecular
systems with reversed rovibrational sequences (hence termed
‘‘astructural molecules’’) were studied in ref. 5 and 6. A mole-
cular complex with almost fully decoupled degrees of freedom
resulting in long-lived resonances was presented in ref. 21.
Furthermore, the flexibility of the code makes it possible to
model non-adiabatic effects in the rovibrational spectrum by
using different rotational and vibrational masses.22

Hereby we only shortly summarize the computational para-
meters and explain any difference compared to our earlier
work.3 In the present study we computed the lowest-energy
few dozens rovibrational eigenstates (150 states for J = 2) for the
four isotopologues of the methane–water dimer with J = 0, 1,
and 2 rotational angular momentum quantum numbers utiliz-
ing the QCHB15 PES.23,37

In the quantum dynamical computations of the dimer, the
methane and the water monomer structures are fixed and six
active internal coordinates describe the intermolecular dynamics.
According to a recent study on the variation of the monomer
structures due to non-covalent interactions,24 this appears to be
a fairly good approximation. The active internal coordinates,
(R, cos y, f, a, cosb, g), and the embedding are identical to those
of ref. 3, but in this work we use the vibrationally averaged, r0,
structures of the monomers, summarized in Table 1. These
values were made available for the H2O and D2O isotopologues
in ref. 25, whereas for CH4 and CD4 we computed them as part of
this study using the T8 force field.26 The atomic masses used
throughout this work are m(H) = 1.007825 u, m(D) = 2.014102 u,
m(C) = 12 u, and m(O) = 15.994915 u.

The same DVRs were used for the active degrees of freedom
as in ref. 3, which are listed in Table 2 for the sake of
completeness. The global minimum (GM) structure of the
QCHB15 PES is also given in Table 2. The corresponding
(A,B,C)/cm�1 rotational constants of the (near-symmetric top)
dimers used for the wave function analysis are (0.158421,
0.157281, 4.14248) for CH4�H2O, (0.149861, 0.147929, 3.56864)
for CH4�D2O, (0.138355, 0.137491, 2.28551) for CD4�H2O, and
(0.130425, 0.128981, 2.09921) for CD4�D2O.

For a short and unambiguous referencing of the various
isotopologues and their energy levels, we introduce the nota-
tion CH4�H2O (HH), CH4�D2O (HD), CD4�H2O (DH), and CD4�

D2O (DD). For the computed (ro)vibrational states of XY
(X, Y = H, D) with J = 0, 1, and 2 we shall use the labels
XY–J0.n, XY–J1.n, and XY–J2.n, respectively, where the integer n
enumerates all computed levels (including degeneracies) in an
increasing energy order.

III. Assignment of the computed
rovibrational states

The direct solution of the rovibrational Schrödinger equation
provides numerically correct (‘‘exact’’) energy levels and wave
functions, which carry detailed (‘‘all’’) information about the
system. They can be used to make a direct comparison with
experimentally observable transitions, to compute electric
dipole transition intensities, etc. Although the wave functions
carry ‘‘all’’ the information that can be learned about each
state, it is usually overly complicated to ‘‘read’’ them and we
may prefer to think about the states in terms of some well-
established but simpler model. These simpler general descrip-
tions include determination of the irreducible symmetry labels
of the states based on the underlying molecular symmetry (MS)
group, see, e.g., ref. 29; characterization of the nodal structure
(‘‘node counting’’), see, e.g., ref. 3, 6, and 21; computation of
expectation values of structural parameters, see, e.g., ref. 3; or
determination of the similarity (overlap) of the full wave func-
tion with wave functions of simple model systems as advocated,
e.g., in ref. 17. For this purpose, the harmonic oscillator model
of vibrational states and the rigid rotor (RR) model of rotational
states are the working horses of molecular spectroscopy.

Another limiting model, relevant to weakly bound dimers
including but not limited to the ones studied herein, is obtained
by means of the coupling of rotating (rigid) subsystems. In what
follows, we define an algorithm, which we call the coupled-rotor
decomposition (CRD) scheme, in order to compute the overlap
of the full wave function (which might be available only in some
grid representations, as is the case in a GENIUSH computation)
with the coupled-rotor functions.

A. The coupled-rotor decomposition

The development and use of the CRD scheme has been motivated
by the interesting energy-level structure of the methane–water

Table 1 Structural parameters and the corresponding rotational con-
stants of the methane and the water molecules in their ground vibrational
state (X = O or C and Y = H or D)

CH4 CD4 H2O D2O

hrXYi [Å] 1.11002 1.10446 0.97565 0.97077
haYXYi [1] 109.471 109.471 104.430 104.408
A [cm�1] 9.17136 4.80367
B [cm�1] 5.09073 2.57303 14.0667 7.11182
C [cm�1] 26.3538 14.8010

Table 2 Internal coordinates (Coord.), discrete variable representations
(DVR), number of grid points (N), and grid intervals used in GENIUSH to
compute the rovibrational states of the methane–water dimers

Coord. Min.a

Nuclear motion computations

DVR typeb N Grid interval

R [Å] 3.447 PO Laguerre 15 Scaled to [2.5,6.0]
y [1] 117.72 PO Legendre 14 Scaled to [1,179]
f [1] 90.00 Exponential 15 Unscaled on [0,360)
a [1] 297.65 Exponential 9 Unscaled on [0,360)
b [1] 112.80 PO Legendre 21 Scaled to [1,179]
g [1] 293.52 Exponential 21 Unscaled on [0,360)

a Equilibrium geometry in internal coordinates corresponding to the
global minimum (GM) of the QCHB15 PES.23 b PO: potential-optimized
DVR (optimization of the DVR points for a 1-dimensional model).27,28
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dimer but it is useful for the understanding of the internal
dynamics of other floppy systems that can be partitioned into
two subsystems.

In order to take a closer look at the model that we would like
to use to characterize the full system, we reiterate that it
consists of two rigid rotors fixed at a certain distance and the
rotors are coupled to some total angular momentum state
without being under the influence of any external potential.
To assign the wave functions of the full system to states of the
coupled, rotating monomers, we define the following three-step
numerical approach:
� Step (1): compute the rovibrational states of a 5-dimensional

model using the same coordinate and grid representation as for
the full model but with a fixed intermonomer separation, R,
and with V = 0, i.e., without the influence of the PES. In this step
the coupled-rotor (CR) eigenfunctions (and eigenvalues) are
obtained in exactly the same grid representation for the five
angles as in the full computation.
� Step (2): calculate the eigenenergies of the 5D CR system

with J total angular momentum using the expressions derived
for dimers in ref. 30 corresponding to some monomer rota-
tional states, ( jA,jB), and some coupling. The calculated CR
energies are associated with angular momentum labels of the
subsystems.
� Step (3): by matching the energies in Steps (1) and (2), the

CR eigenfunctions computed in Step (1) in the desired repre-
sentation are associated with the monomer rotational angular
momentum and coupling labels of Step (2).

For Step 2, we reiterate the relevant expressions of ref. 30 to
calculate the energy levels of an A–B coupled-rotor system with
J total angular momentum quantum number:

E(CR)( jA,jB,j,J) = E(RR)
A ( jA) + E(RR)

B ( jB) + Ec( j,J) (1)

where j is the internal angular momentum quantum number,
which results from the Clebsch–Gordan-type29 coupling of
the angular momenta of A and B, and it is thus restricted by
the | jA � jB| r j r | jA + jB| condition. E(RR)

A ( jA) and E(RR)
B ( jB) are

the rigid-rotor energies of the monomers. Ec( j, J) can be
obtained by diagonalizing the K A Rmin( j, J)�min( j, J) coupling
matrix, the angular part of eqn (42) of ref. 30:

KO0 ;O ¼
�h2

2mR2

h
dO0 ;OðJðJ þ 1Þ þ jð j þ 1Þ � 2O2Þ:

þ dO0 ;Oþ1C
þ
jOC

þ
JO þ dO0 ;O�1C

�
jOC

�
JO

i
;

(2)

where C�jk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jð j þ 1Þ � kðk� 1Þ

p
, O = �min( j, J),. . .,min( j, J),

and m�1 = mA
�1 + mB

�1 is the reduced mass of the effective
rotating diatom, which connects the centers of mass of the
monomers. mA and mB are the total masses of monomers A
and B, respectively, and di,j is the Kronecker delta function.
Note that since the Hamiltonian of ref. 30 does not contain any
mixed radial-angular differential operators, the expressions for
a fixed intermonomer distance, eqn (2), can be obtained from
eqn (42) of ref. 30 by simply retaining the angular part with
some fixed R value.

The eigenvalues of the K coupling matrix, i.e., the coupling
energies, disappear at infinite separation of A and B. In this
case the coupled-rotor energy, eqn (1), is determined com-
pletely by the sum of the rigid-rotor energies of the mono-
mers, which we call the free-rotor (FR) energy. It is of interest
to note that the eigenvalues of K can be obtained analyti-
cally. The analytic eigenvalues are provided for a few J and
j values in the ESI† and the corresponding numerical value of
the coupling energy is given for two intermonomer distances
for all the four isotopologues studied (Tables S17–S19,
ESI†). The CR energy, E(CR)( jA,jB,j,J) is the sum of the FR energy
(Tables S13–S16, ESI†) and the coupling energy (Tables S17–S19,
ESI†).

As a result of Steps (1)–(3), the coupled-rotor functions,
j(J)( jA,jB,j) (with explicit jA,jB,j, and J labels), are available in
the same grid representation for the angular degrees of free-
dom as the full rovibrational wave function. In the next sub-
section we define the overlap of j(J)( jA,jB,j) depending on five
angles and the full wave function, C(J), which depends on all six
intermonomer coordinates.

B. Numerical evaluation of the CRD overlaps

Since the 6-dimensional wave function is normalized to one, we
can write

1 = hC(J)
n |C(J)

n iR,O (3)

¼
XJ
k¼�J

XNR

r¼1

XNO

o¼1

~CðJÞn;k rr;xoð Þ
��� ���2; (4)

where ~C refers to the DVR representation of the wave function
with rr (r = 1,. . .,NR) grid points along the intermonomer
distance, R, and xo (o = 1,. . .,NO) grid points in the 5D angular
subgrid, O = (cos y, f, a, cos b, g). Next, the truncated resolution
of identity over some finite number of CR functions, M, is
introduced:

I ðJ;5DÞ �
XM
m¼1

jðJÞm

�� E
O
�
O

jðJÞm

D ��; (5)

which is inserted into eqn (3) and (4):

1 = hC( J)
n |C( J)

n i (6)

�
XM
m¼1

*
CðJÞn jðJÞm

�� E
O
�
O

D
jðJÞm CðJÞn

�� +
R;O

(7)

¼
XM
m¼1

XNR

r¼1

XJ
k¼�J

XNO

o¼1

~CðJÞn;k rr;xoð Þ � ~jðJÞm;k xoð Þ
�����

�����2
 !

: (8)

Then, we define the (n,m)th element of what we call the CRD
matrix for the J total rotational quantum number as

CRDðJÞnm ¼
XNR

r¼1

XJ
k¼�J

XNO

o¼1

~CðJÞn;k rr;xoð Þ � ~jðJÞm;k xoð Þ
�����

�����
2

; (9)

where C(J)
n is the nth state and j(J)

m is the mth CR function.
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There are a few important properties of the CRD matrix
which immediately follow from eqn (9):

(a) The sum of the elements in each row, i.e., the CRD
coefficients corresponding to some C( J)

n state, is 1 for infinitely
many CR functions (as the truncated resolution of identity in
eqn (5) becomes exact).

(b) The sum of the elements in each column can be larger
than 1, because the same CR state can have a dominant
contribution to several C( J)

n states. For the methane–water
dimer, the stretching excitations along the intermonomer
separation, enumerated using v = 0, 1, 2,. . ., can have similar
angular parts.

(c) The angular momentum coupling rules often allow,
depending on the angular momenta of the full system and
the subsystems, a large number of CR functions with the same
( jA,jB) monomer rotational excitations. The individual contribu-
tions of the CR functions might be modest but the full ( jA, jB)
block can have a substantial contribution to the C(J) state.
Therefore, the final assessment of the contribution (or dom-
inance of some monomer excitation) ( jA, jB) must be based on
the sum of the CRD coefficients corresponding to all ( jA, jB)
monomer states.

(d) If the CR functions are determined with monomers
infinitely far in space (in practice, fixed at some large R value),
then the CR energy is equal to the FR energy, i.e., the
simple sum of the RR energies (Tables S13–S16, ESI†). This
limit facilitates the assignment of the monomer rotational
states, ( jA,jB), but in this case the coupling and the quantum
number corresponding to the rotation of an effective diatom
connecting the centers of mass of the monomers cannot be
determined.

IV. Symmetry of the methane–water
coupled-rotor functions

While Section III applies to any system that can be partitioned
into two subsystems, the symmetry analysis of this section applies
only to the methane–water dimer. Nevertheless, a similar symme-
try analysis can be carried out for other dimers, as well.

In this section, the characters of the methane–water
CR representation are calculated and the representation is
decomposed into a direct sum of irreducible representations
(irrep decomposition) in the G48 group.2,3 For convenience, the

symmetry properties of the methane and the water monomer
rotor functions are presented first within the Td(M) and the
C2v(M) groups, respectively, which is followed by the symmetry
analysis of the coupled-rotor functions of the dimer within the
G48 group. (For completeness, the character tables are repro-
duced in the ESI.†)

a. Methane monomer

Each element of a class has the same character, so we select one
operator from each class and determine its character. The
spatial rotation equivalent to the permutation–inversion operator
is first written in the angle-axis parameterization (Fig. S1, ESI of
ref. 3 visualizes the effect of the symmetry operations). Then, the
Euler angles, a, b, and c (using the z � x � z and the active
convention) are determined from the rotation matrix evaluated
with Rodriguez’ rotation formula in the angle-axis parameteriza-
tion. For the symmetry operations (one from each class of Td(M))
the (a, b, c) Euler angles are as follows: (123): (0, 0, 2p/3); (12)(34):
(p/3, p, 0); [(1234)]*: (p/6, p/2, �p/6); and [(34)]*: (0, p, 0).
Symmetric (as well as spherical) top rotational functions trans-
form under the action of a rotation operator as:31–33

R̂ða; b; cÞj jM

km ¼
XjM

k0¼�jM
DjM

kk0 ða; b; cÞj
jM

km; (10)

where Dj
km is the (k,m)th element of Wigner’s D matrix

corresponding to the jth irrep of the rotation group, and M
denotes the methane monomer of the dimer. Then, an operator
ô A Td(M), for which R̂(ao,bo,co) is the equivalent rotation, has
the following character:

w jM ¼
XjM

k¼�jM
j jM

kmjôjj
jM

km

D E

¼
XjM

k¼�jM
D jM

kk ao; bo; coð Þ

(11)

where we also took advantage of the fact that the rotational
functions are orthonormal.

Using these properties the characters of a representation

spanned by the jjM

km; k ¼ �jM; . . . ; jM
� �n o

functions are easily

determined. The general expressions and the numerical values
for jM = 0, 1,. . ., 5 are collected in Table 3 (and the table can be

Table 3 Characters and irrep decomposition of the rotational functions of methane in the Td(M) molecular symmetry group

jM

E (123) (14)(23) [(1423)]* [(23)]*

Irreps

1 8 3 6 6

2jM + 1

PjM
m¼�jM

Dj
M�

m;m 0; 0;
2p
3

� � PjM
m¼�jM

DjM�
m;m

p
3
; p; 0

� 	 PjM
m¼�jM

DjM�
m;m

p
6
;
p
2
;�p

6

� 	 PjM
m¼�jM

DjM�
m;mð0;p; 0Þ

0 1 1 1 1 1 A1

1 3 0 �1 1 �1 F1

2 5 �1 1 �1 1 E " F2
3 7 1 �1 �1 �1 A2 " F1 " F2
4 9 0 1 1 1 A1 " E " F1 " F2

5 11 �1 �1 1 �1 E " 2F1 " F2
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extended straightforwardly to higher jM values). The last col-
umn of Table 3 gives the irrep decomposition for the numerical
examples, which is in agreement with the irrep decomposition
of the methane rotational states in the T(M) group34,35 and
reproduces the results of ref. 36 for the Td(M) group.

b. Water monomer

Table 4 lists the general expressions29 for the characters of the
jWkakc rotational states of water (W) in the C2v(M) group.

c. Coupled-rotor ansatz

The coupled-rotor ansatz can be understood as coupling (a)

the symmetric top eigenfunctions of methane, jjM

km; (b) the

asymmetric top eigenfunctions of water, fjW

kakc ;m
, and (c) the

eigenfunctions of an effective diatomic rotor, Ym
L, which corre-

sponds to the rotation of the displacement vector connecting
the centers of mass of the monomers. We denote this coupling

scheme by jM; jWkakc

h i
j
;L


 �
JM

, which corresponds to the func-

tion:

CM
J jMk ; j

W
ka ;kc

; j;L
� 	

¼
X
m2S1
hjm;LðM � mÞjJMicm

j Y
M�m
L

¼
X
m2S1
hjm;LðM � mÞjJMiYM�m

L

�
X
m2S2

jMm; jWðm�mÞjjm
� 

jjM

kmf
jW

kakc ;m�m

with S1 ¼ m 2 N0:jmj 	 j and jM � mj 	 Lf g;

S2 ¼ m 2 N0:jmj 	 jM and jm�mj 	 jW
� �

;

k ¼ �jM; . . . ; jM:

(12)

The label j is for the internal angular momentum quantum
number resulting from the coupling of the methane and water
rotors.

An operator Ô A G48 can be written as the product of ô A Td(M),
methane permutation–inversion, p̂ A Ci = {E,E*} acting on the
effective diatom, and q̂ A C2v(M) water permutation–inversion
operators. The character of Ô = ôp̂q̂ is obtained as the trace
of the matrix representation of Ô over the ansatz defined

in eqn (12):

wðÔÞ ¼
XjM

k¼�jM
CM

J jMk ; j
W
kakc

; j;L
� 	

ÔCM
J jMk ; j

W
kakc

; j;L
� 	���D E

¼
XjM

k¼�jM

X
m02S10

X
m02S20

X
m2S1

X
m2S2

hjm0;LðM�m0ÞjJMi jMm0; jWðm0 �m0ÞÞjjm0
� 

� hjm;LðM�mÞjJMi jMm; jWðm�mÞÞjjm
� 

� Y
M�m0
L jp̂jYM�m

L

D E
jjM

km0 jôjj
jM

km

D E
fjW

kakc ;m0�m0 jq̂jf
jW

kakc ;m�m

D E

¼
XjM

k¼�jM

X
m02S10

X
m02S20

X
m2S1

X
m2S2

hjm0;LðM�m0ÞjJMi jMm0; jWðm0 �m0ÞÞjjm0
� 

� hjm;LðM�mÞjJMi jMm; jWðm�mÞÞjjm
� 

� ð�1ÞpLdm0mDjM

kk ao;bo;coð Þdm0mGjW

kakc
ðq̂Þdm0�m0 ;m�m

¼
X
m2S1

X
m2S2
hjm;LðM�mÞjJMi2 jMm; jWðm�mÞÞjjm

� 
2

� ð�1ÞpL
XjM

k¼�jM
DjM

kk ao;bo;coð Þ

2
4

3
5wjWkakcðq̂Þ

¼ wLðp̂ÞwjMðôÞwj
W

kakc
ðq̂Þ

(13)

where wL(p̂) = (�1)pL is the character of the effective diatomic

rotation, with p = 1 for inversion and p = 0 otherwise. w jM(ô) and

wj
W

kakc
ðq̂Þ are the characters of the permutation–inversion opera-

tions of the methane and water molecules listed in Tables 3 and
4, respectively.

The symmetry rules (Table 5 and Tables S23–S26, ESI†)
derived in this section together with the numerically computed
CRD tables make it possible to carry out the symmetry assign-
ment of the variationally computed rovibrational states in an
automated fashion.

V. Numerical results and discussion
A. Rovibrational energy-level pattern of the methane–water
dimers

In this section, the computed rovibrational states with J = 0, 1
and 2 are presented for the four studied CX4�Y2O (X, Y = H, D)
dimers focusing on the zero-point vibrational splitting of
the global minimum, ZPV(GM). The computed energy levels
are provided in Tables S1–S12 of the ESI.† The energy-level
differences can be directly compared with high-resolution
spectroscopic measurements, when such measurements will
become available for the deuterated isotopologues (the electric

Table 4 Characters and irrep decomposition of the rotational functions
of water in the C2v(M) molecular symmetry group

E (ab) E* [(ab)]*

1 1 1 1

jWka ;kc 1 (�1)ka+kc (�1)kc (�1)ka
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dipole selection rules and the spin-statistical weights of HH are
discussed in detail in ref. 3).

The zero-point vibrational state, or any other vibrational
state symmetric with respect to the symmetry plane of the
equilibrium structure, is split into the following direct sum,
involving 24 states:3

GA0 = A+
1 " E+ " F+

1 " 2F+
2 " A�2 " E� " 2F�1 " F�2 (14)

in the G48 molecular symmetry group. The + and � superscripts
refer to the symmetry and anti-symmetry of the spatial wave
function with respect to the exchange of the two protons
(deuterons) of H2O(D2O), in agreement with the labeling of ref. 2.

As to the vibrational states, an irrep label can be assigned to
the computed vibrational states by visual inspection of one- and
two-dimensional cuts of the wave function, as was done in ref. 3
(for multidimensional representations, the trace of the repre-
sentation matrix had to be taken). In the present work, the CRD
decomposition and the symmetry rules derived in the previous
section made it possible to carry out the symmetry assignment
in an almost automated fashion, which is particularly useful for
the assignment of the multi-dimensional irreps.

This automated assignment scheme facilitated the identifi-
cation of a mistake in our earlier assignment of the 1 and 2
subindices of the triply degenerate irreps of HH.3 According to
the corrected assignment of the ZPV(GM) splitting (J = 0), there
is an F+

2 and an F�1 state in the lower part and there is an (F+
1, F+

2)
pair as well as an (F�1 , F�2 ) pair of states in the upper part of the
splitting with J = 0 (see Fig. 2–4).

To characterize the rovibrational states (Fig. 3 and 4), we
identified the parent vibrational state(s) of each rovibrational
state using the rigid-rotor decomposition (RRD) scheme.17

When the identification of a single parent vibrational state is
possible, the rovibrational state can be imagined as some
rotational excitation of the parent vibrational state.

The numerical values of the energy levels and the splittings
are very different for the four isotopologues studied, but the
overall rovibrational pattern and assignment is very similar
(recall that the four systems are described on the same PES
but have different monomer rotational constants): both the
vibrational and the rovibrational energy-level patterns are char-
acterized by a lower and an upper part split into further levels
(see Fig. 2–4). As expected, the energy values get smaller when
the monomers are replaced with their heavier (deuterated)
versions.

More interestingly, all studied methane–water dimers have
an unusual feature: there are rotational ‘‘excitations’’ which
lead to lower energies than the energy of the vibrational parent
state; thus, these rovibrational states appear as a rotational
excitation with a negative transition energy. These reversed
rovibrational sequences were present in the experimental data
reported for CH4�H2O2 and were also reproduced in the com-
putations of ref. 3. Reversed rovibrational sequences have also
been identified computationally in other systems, for example,
in H5

+ (ref. 5) as well as in the CH5
+ molecular ion.7–9 These

reversed sequences observed in the computations for H5
+

were explained by a 2-dimensional torsional-rotational model.5

Table 5 Characters and irrep decomposition of the jM; jWka ;kc

h i
j
;L


 �
J

coupled-rotor functions which dominate the ZPV(GM) splitting manifold of

methane–water with J = 0 in the G48 group (see also Fig. 3 and 4)

G

E (123) (14)(23) [(1423)(ab)]* [(23)(ab)]* (ab) (123)(ab) (14)(23)(ab) [(1423)]* [(23)]*

Irreps1 8 3 6 6 1 8 3 6 6

[[0,000]0,0]0 1 1 1 1 1 1 1 1 1 1 A+
1

[[0,111]1,1]0 1 1 1 1 1 1 1 1 1 1 A+
1

[[1,000]1,1]0 3 0 �1 �1 1 3 0 �1 �1 1 F+
2

[[1,111]0,0]0 3 0 �1 �1 1 3 0 �1 �1 1 F+
2

[[1,111]1,1]0 3 0 �1 1 �1 3 0 �1 1 �1 F+
1

[[1,111]2,2]0 3 0 �1 �1 1 3 0 �1 �1 1 F+
2

[[2,000]2,2]0 5 �1 1 �1 1 5 �1 1 �1 1 E+ " F+
2

[[2,111]1,1]0 5 �1 1 �1 1 5 �1 1 �1 1 E+ " F+
2

[[2,111]2,2]0 5 �1 1 1 �1 5 �1 1 1 �1 E+ " F+
1

[[2,111]3,3]0 5 �1 1 �1 1 5 �1 1 �1 1 E+ " F+
2

[[0,101]1,1]0 1 1 1 �1 �1 �1 �1 �1 1 1 A�2
[[0,110]1,1]0 1 1 1 1 1 �1 �1 �1 �1 �1 A�1
[[1,101]0,0]0 3 0 �1 1 �1 �3 0 1 �1 1 F�1
[[1,101]1,1]0 3 0 �1 �1 1 �3 0 1 1 �1 F�2
[[1,101]2,2]0 3 0 �1 1 �1 �3 0 1 �1 1 F�1
[[1,110]0,0]0 3 0 �1 �1 1 �3 0 1 1 �1 F�2
[[1,110]1,1]0 3 0 �1 1 �1 �3 0 1 �1 1 F�1
[[1,110]2,2]0 3 0 �1 �1 1 �3 0 1 1 �1 F�2
[[2,101]1,1]0 5 �1 1 1 �1 �5 1 �1 �1 1 E� " F�1
[[2,101]2,2]0 5 �1 1 �1 1 �5 1 �1 1 �1 E� " F�2
[[2,101]3,3]0 5 �1 1 1 �1 �5 1 �1 �1 1 E� " F�1
[[2,110]1,1]0 5 �1 1 �1 1 �5 1 �1 1 �1 E� " F�2
[[2,110]2,2]0 5 �1 1 1 �1 �5 1 �1 �1 1 E� " F�1
[[2,110]3,3]0 5 �1 1 �1 1 �5 1 �1 1 �1 E� " F�2
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Furthermore, ref. 8, 10 and 11 explained this unusual behavior
by treating some large-amplitude motions (LAM) on the same
footing as the rotations by going beyond the SO(3) group for
these LAM-rotational degrees of freedom.

In the present work, we take a simple strategy to better
understand the origin of the splitting pattern and these formally
negative-energy rotational excitations: besides the rigid-rotor
model, which underlies the assignment and the observation of
these reversed sequences, we use the coupled-rotor system as
another meaningful model for weakly interacting dimers. The
computed coupled-rotor decomposition (CRD, introduced in
Section III) tables provide detailed information about the mono-
mers’ rotational states and their relative rotation within the
rotating dimer. In most of this work, we focus on the assignment

of monomer-rotor labels, jM; jWka;kc

h i
, because the monomer

excitations are about an order of magnitude more energetic than
the coupling (in particular, the water’s rotational constants are
much larger than the dimer’s rotational constants). For this
purpose, it is sufficient to use CRD tables computed with a large
intermonomer separation, the one used is R100 = 100 bohr. In
this case the CR energy is the simple sum of the monomer rotor
energies (Tables S13–S19, ESI†). To better understand the fine
details of the dimer’s internal dynamics, we also assigned j and
L for a few states using CR functions obtained with monomers
fixed at the complex’s equilibrium distance, R = Req = 6.5 bohr.
For this R value the j-splitting of the CR energies is small but
larger than the convergence of our variational results, so the
assignment of the j and L labels (Section IV) is possible. Fig. 1
presents an example of a complete CR assignment.

The results of the symmetry, RR and CR assignments of
the computed rovibrational states for all four isotopologues
are collected in Fig. 3 and 4 (detailed results are provided in
Tables S1–S12 of the ESI†). As a general and important conclu-
sion which becomes transparent from the CRD assignment, the
characteristic upper-lower separation of the rovibrational
ZPV(GM) manifold corresponds to the 111 ’ 000 and the
110 ’ 101 rotational excitation of the water monomer for states
of G+ and G� symmetry (para and ortho for HH and DH),
respectively. The sub-splittings of both the lower and the upper
parts are related to the rotational excitation of the methane
monomer with one and two quanta and to the excitation of the
relative rotation of the two monomers.

B. Reversed rovibrational sequences

The RRD assignment of the rovibrational states to their vibra-
tional parents highlighted that certain rotational excitations
have ‘‘negative’’ transition energies. These reversed rovibra-
tional sequences are observed for all four isotopologues and
they appear within the vibrational bands of certain vibrational
symmetries.

The CRD tables show that these negative rotational excita-
tion energies correspond to a J + 1 ’ J transition in which
the water molecule looses rotational energy—000 ’ 111 and
101 ’ 110 for G+ and G�, respectively—but due to a different
internal coupling of the methane and the water rotors, the total

Fig. 1 Coupled-rotor decomposition (CRD) table for CH4�H2O with J = 0:
overlap (eqn (9)) of the 24 lowest-energy vibrational states, which belong to the
ZPV(GM) splitting manifold, with the 92 lowest-energy coupled-rotor states.
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rotational quantum number increases. This observation is
certainly useful and provides an intuitive picture about this
phenomenon but it remains to be answered why the lower-
energy J = 0 state is ‘‘missing’’ (and is replaced by its higher-
energy analogue) in several vibrational bands (E+, F+

1, F+
2, E�, F�1 ,

F�1 ). Is that coupling symmetry forbidden or does this pattern
result from a particular mixing of the CR states?

In the case of the F1
+-symmetry ZPV(GM) vibration (see

Fig. 3) the negative-energy rotational transition is dictated
by symmetry rules (Table 5, Tables S23 and S25, ESI†). The
[[1,111]1,1]0 and [[2,111]2,2]0 states are the lowest-energy CR
states of F+

1 symmetry with J = 0. They correspond to rotationally
excited water, so they are more energetic and appear in the
‘‘upper’’ part of the splitting pattern. At the same time, the J = 1
and 2 rotational excitations of this vibrational state can have
contributions from CR states with water in its lowest rotational
state, 000, which lowers the energy of these rovibrational states
and makes them appear in the lower part of the splitting.
As a result of these symmetry properties, the rotational

excitation of the F+
1 vibrational state shows up as a ‘‘negative-

energy’’ transition.
Unfortunately, the explanation of the reversed rovibrational

sequences corresponding to other vibrational states is less
straightforward when based on simple symmetry-related argu-
ments (Table 4 and Tables S23–S26, ESI†). For example, the E+

vibrational band has only a ‘‘higher-energy’’ vibrational state
but there are both ‘‘lower-energy’’, [2,000], and ‘‘higher-energy’’,
[2,111], CR functions of E+ symmetry with J = 0. In fact, we
observe in the numerically computed CRD tables that the lower-
energy [2,000] CR functions contribute to many states but they
do not dominate any of the states. Namely, the J = 0 E+ vibration
is assigned to the higher-energy [2,111] CR function with some
contribution also from [2,000]. The HH isotopologue, whose
assignment slightly differs from the other three isotopologues,
has about equal contributions from both [2,111] and [2,000].
Similar behavior is observed for the F+

2, E�, F�1 , and F�2 vibra-
tional bands of the ZPV(GM). The reversed energy ordering
results from a particular mixing of CR states with lower-energy

Fig. 2 Zero-point vibrational splitting energies, in cm�1, assigned to the global minimum of the four isotopologues studied. The splittings indicated with
double-headed arrows are color coded with blue and red referring to the methane and water monomers, respectively.
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and higher-energy water rather than being due to strict sym-
metry rules. We also note that for the F+

2 and F�1 states of the
ZPV(GM) there are both reversed and normal sequences.

In general, the computed CRD tables show that the higher-
energy rovibrational states are dominated by higher-energy CR
functions with the 111 and 110 higher-energy rotational states of
water in G+ and G�, respectively. At the same time, the lower-
energy states are dominated by lower-energy CR functions with the
000 and 101 rotational states of water in G+ and G�, respectively.

VI. Summary and outlook

The rovibrational states of four isotopologues of the methane–
water dimer have been computed using a six-dimensional
intermolecular vibrational model utilizing the GENIUSH
code12,13 and the QCHB15 potential energy surface.23 The
computed rovibrational states (with J = 0, 1, and 2 rotational
quantum numbers) were assigned to their parent vibrational
state(s) using the rigid-rotor decomposition (RRD) scheme.
This assignment highlighted in all four dimers, CH4�H2O,
CH4�D2O, CD4�H2O, and CD4�D2O, the existence of a reversed
rovibrational energy ordering, i.e., formally ‘‘negative’’ rotational
excitation energies.

In order to better understand the complex rovibrational
dynamics of this fluxional, weakly bound complex, we devel-
oped the coupled-rotor decomposition (CRD) scheme. The
CRD scheme is a general approach to determine the rotational
states of the monomers and their relative rotation within a
rotating dimer.

For the example of the methane–water dimer, the symmetry
properties of the coupled-rotor functions were derived employ-
ing the G48 molecular symmetry (MS) group. Together with the
numerically computed CRD tables this symmetry classification
opens the route to an automated symmetry assignment of the
rovibrational states of the dimer, a particularly useful approach
for higher excited, multiply degenerate states.

As to the interpretation of the higher-energy states of the
methane–water dimer, we can think of a number of challenging,
open questions. Is it possible to identify the zero-point splitting
manifold of the secondary minimum, ZPV(SM), similarly to the
ZPV(GM) studied in the present work? Is the full ZPV(SM) bound
or does it spread beyond the first dissociation threshold (which
is only D0(HH) = 152.030 cm�1 for CH4�H2O on the QCHB15
PES23). Furthermore, by thinking in terms of the coupled-rotors
picture, we may imagine energetic monomer rotational states
which bring the system above the dissociation energy. Since the
intermolecular angular degrees of freedom are only weakly

Fig. 3 Summary of the computed J = 0, 1, and 2 rovibrational states of the methane–water dimers with G+ symmetry. Levels shown with dashed lines in
the ZPV, E+ column (for all studied isotopologues) correspond to the (2,000) monomer rotor states of the ZPV rovibrational band but cannot be assigned
to a single, dominant vibrational state. The states labelled with * are characterized by a strong mixing of the (1,000), (2,000), (1,111), and (2,111) monomer
rotor states. The states labelled with † exhibit a strong mixing with the E+ vibrational parent levels in the RRD.
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coupled to the intermonomer stretching (the dissociation coor-
dinate), we may expect long-lived quasi-bound states in which
the energy is stored in fast spinning monomers. These ques-
tions highlight the extremely rich internal-rotational dynamics
of this weakly bound dimer, which is worth further experi-
mental and computational investigation. Seemingly all the
theoretical tools are at hand to help understanding high-
resolution far-infrared spectra of these complexes.
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18 C. Fábri, E. Mátyus and A. G. Császár, Spectrochim. Acta,

2014, 119, 84.
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22 E. Mátyus, T. Szidarovszky and A. G. Császár, J. Chem. Phys.,
2014, 141, 154111.

23 C. Qu, R. Conte, P. L. Houston and J. M. Bowman, Phys.
Chem. Chem. Phys., 2015, 17, 8172.

24 H. I. Rivera-Arrieta, J. M. Turney and H. F. Schaefer III,
J. Chem. Theory Comput., 2017, 13, 1478.
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